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INTRODUCTION 

   In the stability analysis of a retarded system, difficulty is 

experienced due to the fact that solutions of delay systems cannot be 

expressed explicitly.  However, Lewis and Anderson (1980), Han 

(2001), Hale and Verduyn (1993) have published a variety of reports 

on the necessary and sufficient conditions of asymptotic stability of 

delay systems independent of the system solutions. 

These conditions have been tested using different approaches. Liu and 

Mansour (1984), employed graphical and algebraic techniques by 

locating the root loci of the characteristic equation up to the stability 

property of the system and the distribution of the root near the delay 

(h).  Han (2001) and Gu(2000) used the linear matrix inequalities for 

providing stability test.  It was observed that the more sophisticated 

the matrix involved becomes, the more difficult it is in computing the 

determinant.  

  The present paper  is an improvement on the work of Hmamed  

(1986) which employed a variation of the constant approach in 

formulating Lyapunov – Krasovskii functionals that satisfy the 

asymptotic stability conditions.  The objective of the research was to 

formulate computable criteria to check the stability of a formulated 

functional for any given delay system and, most importantly, to 

generate the delay (h) variable using the linear matrix integral. 

 

MATERIALS AND METHODS 

Notations 

P is a symmetric matrix (P>0).  I is the identity matrix of appropriate  

 

 

dimension (I є Rnxn), En is the n-dimensional Euclidean space and n > 

0. ||.|| is the Euclidean vector norm and C [(-h, o), Rn] is the space of  

continuous Rn value functions on [-h, 0], xt є C([-h, 0], Rn) is a 

segment of the system trajectory defined by xt(s) = (t+ s); -h ≤S≤0 || 

φ(s) || 

Problem statement 

Consider the following linear retarded delay – differential system 
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where x(t) є Rn is the state, h > 0 is a time – delay function and φ(s) is 

a continuous vector value initial function.  A, B є Rnxn are real 

constant matrices.  For a given initial conditions (2), system (1) 

admits a unique solution x(t, to, φ(s)) defined on to-h ∞) 

Definition 

i The solution x(t)  = 0 of equation (1) is said to be stable if 

for any є > 0 there is δ = δ (to, є) > 0 such that if || φ(s) || < δ, 

then || x (t, to φ(s)|| <   t> to 

 

ii The solution x(t) = 0 of (i) is said to be asymptotically 

stable if it is stable and there exists a δ (t0) > 0 such that x (t, to, φ(s) 

→ 0 as t →∞. 

 
RESULT 

We consider system (1) at the origin (t = to) such that 
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Theorem 
If there exists a scalar functional V(s, φ(s)) with continuous partial 

derivative calculated along the integral curve of (1) such that V(s), φ 

(s)) > 0 and V (s, φ(s)) < 0. Then, the equilibrium point (x(t) = 0) is 

Lyapunov stable. 
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The stability problem for a class of retarded delay differential systems is considered in this paper. The time delay (h) was assumed a variable 
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Stability test for delay differential system 

If the Scalar function is such that 

V(s, φ(s)) →∞ as  || φ(s) || → ∞,  then the equilibrium point (x(t) = 0) 

is asymptotically stable. 

Remark 1 

For any constant skew symmetric matrix 
 M ε Rnxn, M = MT > 0, XTMX = -XTMTX and 

    

r r
dssM

Tr
dssdsMsTK

0 0

)(

0

)()(     (Gu, 2000). 

 

Remark 2 

Suppose the eigenvalues of A all have negative (-) real parts (A is 

uniformly asymptotically stable matrix), we can choose the symmetric 

matrix P which is positive definite such that ATP + PA = - Q or 

(A + B)T P + P(A+B) =-Q and satisfy the following linear matrix 

inequality.. 

 
 

  0
2212

1211 

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where 
 ∑11 = (A + B)TP + P(A + B) 
 ∑12 = -PB + (BP)T 

 ∑22 = P 

 
 
Then system (1) is asymptotically stable (Han, 2001). 
 

Proof 

Considering the skew symmetric quadratic functional matrix of the 
form 
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Such that the functional V(φ(s)) from result (3) is 
V = V1 + V2;  where 
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And the derivative of V along the trajectory of (3) is given as 
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 = φT(s) P φT(s-h) – φ (s) Pφ(s-h) 

  
= φT(s) P φ(s) – φT(s-h) Pφ(s-h)                     (8) 
 

so that 
 
 
V(φ(s)) = φ (s) (A+B)T P (A+B) φ(s) + φT(s) PBφ(s) 
        + φT(s) Pφ(s) – φT(-s-h) Pφ(s-h)     (9) 

 
= - Qφ (s) + φT(s) PBφ(s) + φT(s)Pφ(s) – φT(s-h) Pφ(s-h)   (10) 
 
Equation (4) and (10) satisfies the theorem stated and that complete 
the proof. 
 

Remark 3 

From (3), the difference integral system φ(s) – B 



0

0)(

h

dss  is 

asymptotically stable if there exists a δ > 0 such that all roots of the 
characteristics equation. 
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APPLICATION TO NUMERICAL PROBLEMS 

Consider the time-delay system 
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where 
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The maximum time delay (hmax) for system (11) to assume asymptotic 
stability is defined as  

  h = log (2 - ;
2

2

22





 

c

c
 15 < |c| < 2.2 

Therefore hmax for various 1.5 < |c| < 2.2 values are 
 

C 1.5 1.6 1.7 1.9 2.0 2.1 2.2 

H 1.02 0.85 0.74 0.57 0.51 0.46 0.42 
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It is observed that for (11) to assume asymptotic stability, the |c| value 

must be defined as above and the delay variable decreases to 0.42.  

Otherwise, the system is unstable. 

Example 

Consider the time delay system 

 x (t) = Ax(t) + Bx(t – h)    

  (12) 

where 

 A =  ,
2

2
1

02
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  B =  ,

01
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
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2

12
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 And P =  
4

172

2
4

13
 such that P < 0 

From remark 3, the maximum time delay (hmax) for (12) to attained 

asymptotic stability is defined as h(max) = ½ log 5.  This implies that 

outside this value of hmax, system (12) will not assume asymptotic 

stability. 

 

 

 

 

 

 

 

 

 

 

 

 

 

CONCLUSION 

  The stability problem of a linear retarded differential system has 

been addressed and asymptotic criteria formulated.  The linear matrix 

integral (LMI) has been used to generate various delay intervals at 

which the system assumed asymptotic stability. 
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